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$\Gamma$ $\mathbb{H}$ ( ) Fuchs ( $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{R})$
) $\mathbb{H}$ $\Gamma$ $X=X_{\Gamma}$ orbifold
$\mathbb{H}/\Gamma$ (non-singular
) $R=R_{X}$
$x\in R$ $p(a)=x$ $a\in \mathbb{H}$ $a$ $\Gamma$
$a$
$I_{\Gamma}(x)--\mathrm{I}\mathrm{n}\mathrm{d}_{x}(X)$ $x$ $X$
$\mathrm{I}\mathrm{n}\mathrm{d}_{X}(x)>1$ $x$ $X$ $x\circ$
( $I_{\Gamma}\equiv 1$ $\Gamma$ torsion-free
$X$ underlying Riemann surface $R_{X}$ – ) )$|$ $-$
$R$ $I$ $I>1$
$X=(R, I)$ (hyperbolic $2-$ ) $\mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}$ $X$ $R,$ $I$
$R_{X}$ , Indx
orbifold $X,$ $Y$ $p:Yarrow X$ ( ) $p:R_{Y}arrow R_{X}$ analytic
$y\in R_{Y}$ $B_{p}(y)$ $P$ $y$ (local degree)
$\mathrm{I}\mathrm{n}\mathrm{d}_{X}(P(y))=\mathrm{I}\mathrm{n}\mathrm{d}_{Y}(y)$ . Bp( $y\in R_{Y}$
$Y$ (orbifold ) ( ) $p$ orbifold $X$ –
$X=x_{\mathrm{r}}$ $P$ : $\mathbb{H}arrow X$ $p^{*}(\rho_{X})=|dz|/2{\rm Im} z$
$\rho_{X}=\rho x(z)|dz|$ – $X$ Poincar\’e (
) $X$ Area$(X)$ $\Gamma$
2 1
(2.1) Area$(X)= \frac{\pi}{2}(2g-2+n+\sum_{x\in R_{X}}(1-\frac{1}{\mathrm{I}\mathrm{n}\mathrm{d}_{X}(x)}))=-\frac{\pi}{2}\chi(\Gamma)$
$g$ $R_{X}$ $n$ $R_{X}$ puncture $\chi(\Gamma)=$






$\Gamma_{1}<\Gamma$ $\Gamma_{1}$ 1 $\mathbb{H}/\Gamma_{1}arrow \mathbb{H}/\Gamma$




$\Gamma_{1}$ $\Gamma$ 2 Schottky
double ( MMMaclachlan [18] )
$\Gamma_{1}\triangleleft\Gamma$ $[\Gamma : \Gamma_{1}]<\infty$
. Fuchs $\Gamma$ $(g;l\ovalbox{\tt\small REJECT} 1, l\ovalbox{\tt\small REJECT} 2, \ldots ; n;m)$ $\Gamma$ signature $g,$ $n,$ $m$
$R_{X_{\Gamma}}$ puncture hole (moduls end)
$U_{1},$ $\iota\ovalbox{\tt\small REJECT}_{2},$ $\ldots$ $I_{\Gamma}(x)>1$ $x$ $I_{\Gamma}(x)$
$\iota\ovalbox{\tt\small REJECT}_{1},$ $\nu_{2},$ $\ldots$
$\Gamma$ $X=\mathbb{H}/\Gamma$ $k$
$\Gamma$
$g,$ $k,$ $n,$ $m$ $0$






$\alpha(\Gamma)=\min${ $[\Gamma$ : $\Gamma_{0}])\Gamma_{0}<\Gamma$ : torsion-free}
$\beta(\Gamma)=\min$ { $[\Gamma$ : $\Gamma_{0}])\Gamma_{0}\triangleleft\Gamma$ : torsion-free}
$\min$ $\infty$ $\Gamma_{0}<\Gamma$ $\Gamma_{0}\triangleleft\Gamma$ $[\Gamma : \Gamma_{0}]$
$\alpha(\Gamma)$ \beta ( --
$\alpha(\Gamma),$ $\beta(\tau)$
$\alpha(\Gamma)$
2 (Edmonds-Ewing-Kulkarni [9]). $\Gamma$ $(g;\nu_{1}, \cdots, \nu_{k}; n;m)$ signature
Fuchs $N$ $\Gamma$ torsion-free $N$
$N$ $2^{\epsilon}\nu$ $\alpha(\Gamma)=2^{\epsilon}\nu$

















3. $\Gamma$ $(g;\iota\ovalbox{\tt\small REJECT} 1, \nu 2, \cdots ; n;m)$ signature Fuchs orbifold
$X=\mathbb{H}/\Gamma$ $\nu=\mathrm{L}\mathrm{C}\mathrm{M}(\mathcal{U}_{1}, \mathcal{U}_{2}, \cdots)$
1. $\mathcal{U}_{1},$ $\mathcal{U}_{1},$ $U_{2)}U_{2},$ $\cdots$ 2
torsion-free $\Gamma_{1}$ $\Gamma/\Gamma_{1}\cong \mathbb{Z}_{\nu}$
$\beta(\Gamma)=\nu$
2. $g>0$ $g=0$ $R_{X}$ $\beta(\Gamma)\leq 2\nu^{2}$ .
3. $\Gamma$ $g+n+m>0$ $n+m>0$ $\beta(\Gamma)=\nu$ $n+m=0$
$\beta(\Gamma)\leq 2^{\epsilon+1}\nu$ $\in$ $\Gamma$ 1
$0$
4. $R_{X}$ $P$ $l\ovalbox{\tt\small REJECT}$ $(\mathbb{Z}_{\nu})^{\cross}$
$P\mathrm{m}\mathrm{o}\mathrm{d} \nu$ $t$ $q=p^{t}$ torsion-free
$\Gamma_{1}$ $\Gamma/\Gamma_{1}$ $\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$
$\beta(\Gamma)\leq\#\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})=q(q^{2}-1)$
3. $\langle$ well known [9] \S 3 Remark
[1], [4], [7], [8], [10], [19], [24]
( ) Belyi [3]
Grothendieck dessins enfants – ‘
[6]
3 1. 4 2.
–
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$p_{n}$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ $\text{ }0,$ $\infty$ $n$ $\hat{\mathbb{C}}$ underlying
surface orbifold $X$ –




$n$ $p,$ $q$ 2 $\dot{X}^{\mathrm{o}}$ Jordan
( ) $n$
2 .. $\cdot$ . $l$
3 1. $X$ (
) $a_{j},$ $b_{j}(1\leq j<k+1)$ Indx $(a_{j})=\mathrm{I}\mathrm{n}\mathrm{d}_{X}(b_{j})=\nu_{j}$ $\mathrm{A}\mathrm{a}$
$a_{j}$
$b_{j}$ $x\circ$ Jordan %
( )
$R’.\text{ }\nu.=\mathrm{L}\mathrm{C}\mathrm{M}(U1, \nu_{2}, . . . )$
$R_{t}’(t\in \mathbb{Z}_{\nu})$ $R_{t}’$




$\tilde{R}$ orbifold $X$ $a_{j},$ $b_{j}$
$P$ $\nu_{j}$ (Galois)
sheet 1 $R_{t}’arrow R_{t+1}’$ – compatible
$\sigma$ : $\tilde{R}arrow\tilde{R}$ $p\circ\sigma=p$ ( $\sigma$ $p.:\tilde{R}arrow R$
) $P$ : $\tilde{R}arrow R$ fibre transitive
$P$ Galois $\langle\sigma\rangle\cong \mathbb{Z}_{\nu}$
$R=R_{X}$
(exhaustion)
$R_{0}\subset\subset R$ $\partial R_{0}$
$\gamma_{j}$
( $N$ ) Jordan
$R_{0}$ $a_{1},$ $b_{1,2,2}ab,$ $\ldots,$ $a_{k}b_{k}0’ 0$




$R_{0}$ go $\tilde{R}_{0}$ $\tilde{g}0$ Riemann-Hurwitz (Maclachlan
double ) :







orbifold 2 $q$ : $\hat{X}arrow X$ $q$ : $R_{\hat{X}}arrow R_{X}$
$\hat{X}$ $\hat{X}$
$p:\tilde{X}arrow\hat{X}$ $X$ $q\circ p$
$.p,$ $q$ Galois Galois











$R$ $R\subset \mathbb{C}^{*}=\hat{\mathbb{C}}\backslash \{0, \infty\}$
$\hat{X}$ $z-+z^{2}$ $X$
$R$ $\pi_{1}(R, *)arrow H_{1}(R, \mathbb{Z})$
$H_{1}(R, \mathbb{Z})$ ( $R$
6
) $H_{1}(R, \mathbb{Z})arrow \mathbb{Z}$
$\mathbb{Z}arrow \mathbb{Z}/2\mathbb{Z}--\mathbb{Z}_{2}$
$\pi_{1}(R, *)arrow \mathbb{Z}_{2}$
(kernel) $K$ $R$ $K$
$\hat{R}$
$q$ : $\hat{R}arrow R$ orbifold
$q:$ .
$\hat{X}arrow X$ ( $\hat{X}$ $q$ $X$ orbifold $\hat{R}$
)
(b) $R$ $x,$ $y\in X$ Indx $(x)=\mathrm{I}\mathrm{n}\mathrm{d}_{X}(y)$ .
$x.’ y$
$X^{\mathrm{o}}$ Jordan $X$
2 crosswise $q$ : $\hat{X}arrow X$
orbifold $\hat{X}$ $x,$ $y$ 2
$x,$ $y$ 1




$\ovalbox{\tt\small REJECT}$ ( )
orbifold 2 $q:\hat{X}arrow X$ $\nu$ Galois $p:\tilde{X}arrow\hat{X}$
$X$ Galois
$q$ 2 Galois (
sheet )





Fuchs $\Gamma$ $p\circ\pi$ $\hat{\Gamma}$
$\tilde{\Gamma}\triangleleft\hat{\Gamma}\triangleleft,$ $\Gamma$ – $\tilde{\Gamma}\triangleleft\Gamma$
$N$ $\tilde{\Gamma}$ $\Gamma$
$[\Gamma : N]\leq 2\nu^{2}$ ( $[\Gamma : N]$ $2\nu^{2}$
)
4. $H,$ $K$ $G$ $[G:H]=2,$ $K\triangleleft H,$ $[H : K]=n<\infty$ $K$
$G$ $N$ $[G:N]$ $2n$ $2n^{2}$
.
$[G:N]\leq 2n^{2}$
. $G=H\cup\sigma H,$ $H=h_{1n}K\cup\cdots\cup hK$
$h_{1}=1$ $G=h_{1}K\cup\cdots\cup h_{n}K\cup\sigma h1K\cup\cdots\cup\sigma hKn$
$G$ $G/K$ transitive $g\cdot g’K:=g\mathit{9}’K$
7
$G/K$ $G/K$
$\rho;$ . $Garrow S(G/K)\cong S_{2n}$ ( , )
$N= \bigcap_{\mathit{9}\in G}gKg-1=\mathrm{K}\mathrm{e}\mathrm{r}(\rho)$ $[G : N]=\#\rho(G)\leq$
$\# S_{2n}--(2n)!$ , $K$
$G_{1}:=\{g\in G;\rho(\mathit{9})(K)=K\}$ $K$ $G_{1}=K$
$G/K\backslash \{K\}$ $K\triangleleft H$ $H/K$
$n$ $\sigma H/K=\sigma h_{1}K\cup\cdots\cup\sigma h_{n}K$ $K$
$K$ $\sigma h_{j}K$ $K_{j}=\{k\in K;\rho(k)(\sigma hjK)=\sigma h_{j}K\}$
, $k\in K_{j}$ $k’=(\sigma h_{j})^{-1}k\sigma h_{j}\in K$ $h\in H$
$\rho(k)(\sigma h_{j}hK)=k\sigma h_{j}hK=\sigma h_{j}k’hK=\sigma h_{j}h(h-1k\prime h)K=\sigma h_{j}hK$
$K_{j}$ $\sigma H/K$ - $N\subset K_{j}$
$K_{j}=N$ $[K : K_{j}]=[K:N]$ $K$
$\sigma h_{j}K$ $j$ -





Fuchs Fuchs $\Gamma$ signature
$(g;\nu_{1}, \ldots, \nu k;n;m)$ $g+k+n+m<\infty$ $\Gamma$
:
: $a_{1},$ $b_{1},$ $\ldots,$ $a_{\mathit{9}},$ $b_{\mathit{9}},$ $e_{1},$ $\ldots,$ $e_{k,1,\ldots,n+}ccm$ .
:
(5.1) $[a_{1}, b_{1}]\ldots[a_{\mathit{9}}, b]\mathit{9}$ kcl$\cdots C_{n+}e_{1}\ldots$e $m=1$ ,
$e_{j^{\nu_{j}}}=1$ $(j=1, . , . , k)$ .
$a_{i},$
$b_{i}$ $[a, b]$ $aba^{-1}b^{-1}$
$e_{j}$
$c_{1},$ $\ldots,$







$N$ $f$ : $\Gammaarrow\Gamma/N$ $\langle e_{j}\rangle$
$f$ : $\Gammaarrow G$ $N=\mathrm{K}\mathrm{e}\mathrm{r}f$
torsion-free $\langle e_{j}\rangle$ $f(e_{j})$ $\nu_{j}$
torsion-free
$G$ $f$ : $\Gammaarrow G$ .
(5.2) $\mathrm{o}\mathrm{r}\mathrm{d}(f(e_{j}))=\mathrm{o}\mathrm{r}\mathrm{d}(e_{j})(=\nu_{j})$ $(j=1, \ldots, k)$
8
$[\Gamma : N]=\neq G(N=\mathrm{K}\mathrm{e}\mathrm{r}f)$ .
$G$
$\Gamma$ $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{R})$ reduction
$\mathrm{F}_{q}$
$\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$ $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$





(A) $n+m>0$ . $f$ : $\Gammaarrow \mathbb{Z}_{\nu}$ (5.2)
$f(e_{j})=\mu_{j}(j=1, \ldots, k),$ $f(c1)=-(\mu_{1}+\cdots+\mu k)$
$0$
$\beta(\Gamma)=\alpha(\Gamma)=\nu$




$\mathbb{Z}_{2}=\langle\sigma\rangle$ $\mathbb{Z}_{s}=\langle x\rangle$ – $(x, \sigma)-*x^{\sigma}=x^{-1}$
$D_{s}=\langle x, \sigma|x^{S}=\sigma=12, \sigma X\sigma^{-1}=x^{-1}\rangle\cong \mathbb{Z}_{S}\lambda \mathbb{Z}_{2}$
$[x^{t}, \sigma]=x^{2t}$ $\nu,$ $\mu:=\mu_{1}+$
. . . $+\mu_{k}$
(B1) $\nu$ $\mathbb{Z}_{\nu}$ $x$
( $X^{(\mathcal{U}+}1$ ) $/2$ 2 $x$ ) $f$ : $\Gammaarrow D_{\nu}$
$f(e_{j})=x^{\mu_{j}}(j=1, \ldots, k),$ $f(a_{1})=x^{-\mu(1)/},$$f\nu+2(b1)=\sigma$,
$f$ (5.1)
$\Gamma$ torsion-free $N$ $\Gamma/N\cong D_{\nu}$
(B2) $\nu,$ $\mu$ $f$ : $\Gammaarrow D_{\nu}$
$f(e_{j})=x^{\mu_{j}}(j=1, \ldots, k),$ $f(a_{1})=X^{-}\mu/2,$ $f(b1)=\sigma$,
9
$f$ (5.1)
$\Gamma$ torsion-free $N$ $\Gamma/N\cong D_{\nu}$
(B3) $\nu$ $\mu$ $\Gamma$
$f$ : $\Gammaarrow D_{2\nu}$
$f(e_{j})=x^{2\mu_{j}}(j=1, \ldots, k),$ $f(a_{1})=X^{-},$$f\mu(b1)=\sigma$ ,
(5.1) (5.2)








$\text{ }$) $=\nu=\text{ }\dot{\sigma}$) $\text{ }’ \text{ }.\text{ }’ \text{ }\mathrm{Q}\urcorner \text{ ^{ } }1$) $\text{ }(\text{ }x)=\text{ _{ }}k$
$x_{k}=-(X_{1}+\cdot\cdot\cdot+x_{k-1})$ $x_{j}=- \sum_{i\neq j}x_{i}$ $x_{j}$ $\nu_{j}$
$\mathrm{L}\mathrm{C}\mathrm{M}(U_{1}, \ldots, \mathcal{U}j-1, \nu j+1, \ldots, \nu k)$ $j$
LCM
[17]
5 (Maclachlan [17]). ( $0;\nu_{1},$ $\ldots,$ $U_{k}$ ; $0$ ; signature Fuchs $\Gamma$





$\xi_{k}$ $\nu_{j}\xi_{j}=0$ $\xi_{1}+\cdots+\xi_{k}=0$ Abel






$P$ , $t$ $q=p^{t}$ $\mathrm{F}_{q}$ $q$
$\mathrm{F}_{q}^{\cross}=\mathrm{F}_{q}\backslash \{0\}$ $q-1$
$\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$ $\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$
10
$\mathrm{S}\mathrm{L}(2,\mathrm{F}_{q})=\{$ ; $a,$ $b,$ $c,$ $d\in \mathrm{F}_{q}$ , ad–bc $=1\}$
$\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$ $q(q^{2}-1)$
[13]





( $\lambda\in \mathrm{F}_{q}^{\cross}$ $\mathrm{F}_{q}^{\cross}$










$\nu=\mathrm{L}\mathrm{C}\mathrm{M}(\nu_{1}, \ldots, \nu_{k})$ $\nu$ $P$
$t$ $\mathbb{Z}_{\nu}^{\cross}$
$P$ ( $\mathbb{Z}_{\nu}^{\cross}$ $\varphi(\nu)$
$\varphi(n)$ Euler $n$ $p_{1}^{\text{ }1}\ldots p_{\iota^{1}}^{S}$ $\varphi(n)=$
$\varphi(p^{\text{ _{}1}})\ldots\varphi(P_{l}^{S})l$ $P$
$\varphi(P^{\text{ }})=p^{\text{ }}-P\text{ }-1$ ) $q=p^{t}$
$\mathrm{F}_{q}$








$A_{j}=(_{0}^{\alpha_{j}}$ $\alpha^{\frac{0}{j}1)}$ $(j=3, \ldots, k-1)$
11
$A_{2}\in \mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$ $\omega=\tau(\alpha_{2}^{-1}-\alpha_{2}-\mathcal{T})$




$G$ $\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$ $\langle A_{1}, \ldots , A_{k-1}\rangle.\text{ }$




4. $\text{ _{ } _{ }}$
Remark. $\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathrm{F}_{q})$
– 3
orbifold $(0;p, q, r, 0;0)$ signature
Fuchs $\Gamma_{p,q,r}$ (Schwarz ) (triangle grouP) rigidity
$p,$ $q,$ $r$ (M\"obius ) –
Schwarz Gauss
$p,$ $q,$ $r$ $\Gamma_{p,q,r}$ torsion-free
$N$ $G=\Gamma_{p,q,r}/N$ $G$ $a,$ $b,$ $c$
$\mathrm{o}\mathrm{r}\mathrm{d}(a)=p,$ $\mathrm{o}\mathrm{r}\mathrm{d}(b)=q,$ $\mathrm{o}\mathrm{r}\mathrm{d}(C)=r$ $abc=1$ $G$
$K$ $\pi$ : $Garrow G/K$
$N$ $\pi$ $a,$ $b,$ $c$ \vdash $c$
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